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Abstract
Let E be an effect algebra and ES be the set of all sharp elements of E. E is
said to be sharply dominating if for each a ∈ E there exists a smallest element
â ∈ Es such that a ≤ â. In 2002, Professors Gudder and Greechie proved that
each σ-sequential effect algebra is sharply dominating. In 2005, Professor
Gudder presented 25 open problems in International Journal of Theoretical
Physics, Vol. 44, 2199-2205, the 3th problem asked: Is each sequential effect
algebra sharply dominating? Now, we construct an example to answer the
problem negatively.
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Effect algebra is an important model for studying the unsharp quantum logic
(see [1]). In 2001, in order to study quantum measurement theory, Professor Gudder
began to consider the sequential product of two measurements A and B (see [2]). In
2002, moreover, Professors Gudder and Greechie introduced the abstract sequential
effect algebra structure and studied its some important properties. In particular,
they proved that each σ-sequential effect algebra is sharply dominating ([3, Theorem
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6.3]). In 2005, Professor Gudder presented 25 open problems in [4] to motive the
study of sequential effect algebra theory, the 3th problem asked: Is each sequential
effect algebra sharply dominating? Now, we construct an example to answer the
problem negatively.
First, we need the following basic definitions and results for effect algebras and
sequential effect algebras.
An effect algebra is a system (E, 0, 1,⊕), where 0 and 1 are distinct elements of
E and ⊕ is a partial binary operation on E satisfying that [1]:
(EA1) If a⊕ b is defined, then b⊕ a is defined and b⊕ a = a⊕ b.
(EA2) If a⊕ (b⊕ c) is defined, then (a⊕ b)⊕ c is defined and
(a⊕ b)⊕ c = a⊕ (b⊕ c).
(EA3) For each a ∈ E, there exists a unique element b ∈ E such that a⊕ b = 1.
(EA4) If a⊕ 1 is defined, then a = 0.
In an effect algebra (E, 0, 1,⊕), if a ⊕ b is defined, we write a⊥b. For each
a ∈ (E, 0, 1,⊕), it follows from (EA3) that there exists a unique element b ∈ E such
that a ⊕ b = 1, we denote b by a′. Let a, b ∈ (E, 0, 1,⊕), if there exists a c ∈ E
such that a⊥c and a⊕ c = b, then we say that a ≤ b. It follows from [1] that ≤ is a
partial order of (E, 0, 1,⊕) and satisfies that for each a ∈ E, 0 ≤ a ≤ 1, a⊥b if and
only if a ≤ b′.
Let (E, 0, 1,⊕, ◦) be an effect algebra and a ∈ E. If a ∧ a′ = 0, then a is
said to be a sharp element of E. The set ES = {x ∈ E| x ∧ x
′ = 0} is called
the set of all sharp elements of E (see [5-6]). The effect algebra (E, 0, 1,⊕, ◦) is
called sharply dominating if for each a ∈ E there exists a smallest sharp element
â ∈ Es such that a ≤ â. That is, if b ∈ Es satisfies a ≤ b, then â ≤ b. An
important example of sharply dominating effect algebras is the standard Hilbert
space effect algebra E(H) of positive linear operators on a complex Hilbert space H
with norm less than 1([5-6]). The sharply dominating effect algebras have many nice
properties, for example, recently, Riecanova andWu showed that sharply dominating
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Archimedean atomic lattice effect algebras can be characterized by the property
called basic decomposition of elements, etc (see [5]).
A sequential effect algebra is an effect algebra (E, 0, 1,⊕) and another binary
operation ◦ defined on (E, 0, 1,⊕) satisfying [3]:
(SEA1) The map b 7→ a ◦ b is additive for each a ∈ E, that is, if b⊥c, then
a ◦ b⊥a ◦ c and a ◦ (b⊕ c) = a ◦ b⊕ a ◦ c.
(SEA2) 1 ◦ a = a for each a ∈ E.
(SEA3) If a ◦ b = 0, then a ◦ b = b ◦ a.
(SEA4) If a ◦ b = b ◦ a, then a ◦ b′ = b′ ◦ a and a ◦ (b ◦ c) = (a ◦ b) ◦ c for each
c ∈ E.
(SEA5) If c ◦ a = a ◦ c and c ◦ b = b ◦ c, then c ◦ (a ◦ b) = (a ◦ b) ◦ c and
c ◦ (a⊕ b) = (a⊕ b) ◦ c whenever a⊥b.
Let (E, 0, 1,⊕, ◦) be a sequential effect algebra. Then the operation ◦ is said to
be a sequential product on (E, 0, 1,⊕, ◦). If a, b ∈ (E, 0, 1,⊕, ◦) and a ◦ b = b ◦ a,
then a and b is said to be sequentially independent and denoted by a|b (see [2-3]).
The sequential effect algebra is an important and interesting mathematical model
for studying the quantum measurement theory [2-4, 7-8].
Let (E, 0, 1,⊕, ◦) be a sequential effect algebra. If a ∈ E, then it follows from
([3, Lemma 3.2]) that a is a sharp element of (E, 0, 1,⊕, ◦) iff a ◦ a = a.
A σ-effect algebra is an effect algebra (E, 0, 1,⊕) such that a1 ≥ a2 ≥ a3 · · · im-
plies that
∧
ai exists in E. A σ-sequential effect algebra (E, 0, 1,⊕, ◦) is a sequential
effect algebra and is a σ-effect algebra satisfying [3]:
(1). If a1 ≥ a2 ≥ a3 · · ·, then b ◦ (
∧
ai) =
∧
(b ◦ ai) for each b ∈ E;
(2). If a1 ≥ a2 ≥ a3 · · · and b|ai, i = 1, 2, · · ·, then b|(
∧
ai).
It is known that E(H) is a σ-sequential effect algebra (see [3]).
In 2002, Professors Gudder and Greechie proved the following important conclu-
sion ([3, Theorem 6.3]): Every σ-sequential effect algebra is sharply dominating.
In 2005, by the motivation of the above result, Professor Gudder asked ([4,
Problem 3]): Is each sequential effect algebra sharply dominating?
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Now, we construct a sequential effect algebra which is not sharply dominating,
thus, we answer the above problem negatively.
Let E0 = {0, 1, an, bn, c∧,n, d∧,n| n ∈ N
+,∧ ∈ Λ}, where N+ be the positive
integer set and Λ be the set of all finite nonempty subsets of N+. First, we define a
partial binary operation ⊕ on E0 as following (when we write x⊕ y = z, we always
mean that x⊕ y = z = y ⊕ x):
For each x ∈ E0, 0⊕ x = x,
an ⊕ am = an+m,
For n < m, an ⊕ bm = bm−n, an ⊕ bn = 1,
an ⊕ c∧,m = c∧,n+m,
For n < m, an ⊕ d∧,m = d∧,m−n,
For ∧ ∩ I = ∅, c∧,n ⊕ cI,m = c∧∪I,m+n−1,
For ∧ ⊂ I and n ≤ m, c∧,n⊕dI,m = dI\∧,m−n+1(when ∧ 6= I) or bm−n(when ∧ =
I and n < m) or 1(when ∧ = I and n = m).
No other ⊕ operation is defined.
Next, we define a binary operation ◦ on E0 as following (when we write x◦y = z,
we always mean that x ◦ y = z = y ◦ x):
For each x ∈ E0, 0 ◦ x = 0, 1 ◦ x = x,
an ◦ am = 0, an ◦ bm = an, bn ◦ bm = bm+n, an ◦ c∧,m = 0, c∧,n ◦ bm = c∧,n,
an ◦ d∧,m = an, bn ◦ d∧,m = d∧,m+n, d∧,n ◦ dI,m = d∧∪I,n+m−1,
c∧,n ◦ cI,m = c∧∩I,1(when ∧ ∩I 6= ∅) or 0(when ∧ ∩I = ∅),
c∧,n ◦ dI,m = c∧\I,n(when ∧ \I 6= ∅) or an−1(when ∧ \I = ∅ and n >
1) or 0(when ∧ \I = ∅ and n = 1).
Proposition 1. (E0, 0, 1,⊕, ◦) is a sequential effect algebra.
Proof. First we verify that (E0, 0, 1,⊕) is an effect algebra.
(EA1) and (EA4) are trivial.
We verify (EA2), we omit the trivial cases about 0,1:
an ⊕ (am ⊕ ak) = (an ⊕ am)⊕ ak = ak+m+n.
an ⊕ (am ⊕ c∧,k) = (an ⊕ am)⊕ c∧,k = c∧,k+m+n.
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Each an ⊕ (am ⊕ bk) or (an ⊕ am)⊕ bk is defined iff n+m ≤ k, an ⊕ (am ⊕ bk) =
(an ⊕ am)⊕ bk = bk−m−n(when m+ n < k) or 1(when m+ n = k).
Each an⊕(am⊕d∧,k) or (an⊕am)⊕d∧,k is defined iff n+m < k, an⊕(am⊕d∧,k) =
(an ⊕ am)⊕ d∧,k = d∧,k−m−n.
Each an ⊕ (c∧,m ⊕ dI,k) or (an ⊕ c∧,m) ⊕ dI,k or (an ⊕ dI,k) ⊕ c∧,m is defined iff
∧ ⊂ I and n+m ≤ k, an ⊕ (c∧,m ⊕ dI,k) = (an ⊕ c∧,m)⊕ dI,k = (an ⊕ dI,k)⊕ c∧,m =
dI\∧,k−m−n+1(when ∧ 6= I) or bk−m−n(when ∧ = I and m+ n < k) or 1(when ∧ =
I and m+ n = k).
Each an⊕(c∧,m⊕cI,k) or (an⊕c∧,m)⊕cI,k is defined iff ∧∩I = ∅, an⊕(c∧,m⊕cI,k) =
(an ⊕ c∧,m)⊕ cI,k = c∧∪I,n+m+k−1.
Each c∧,n⊕(cI,m⊕cY,k) or (c∧,n⊕cY,k)⊕cI,m is defined iff ∧∩I and ∧∩Y and Y ∩
I are all ∅, c∧,n ⊕ (cI,m ⊕ cY,k) = (c∧,n ⊕ cY,k)⊕ cI,m = c∧∪I∪Y,n+m+k−2.
Each c∧,n ⊕ (cI,m ⊕ dY,k) or (c∧,n ⊕ cI,m) ⊕ dY,k is defined iff ∧ ∩ I = ∅ and ∧
∪I ⊂ Y and n + m ≤ k + 1, c∧,n ⊕ (cI,m ⊕ dY,k) = (c∧,n ⊕ cI,m) ⊕ dY,k =
dY \(∧∪I),k−m−n+2(when ∧ ∪I 6= Y ) or bk−n−m+1(when ∧ ∪I = Y and m + n <
k + 1) or 1(when ∧ ∪I = Y and m+ n = k + 1).
Thus, (EA2) is proved. We verify (EA3):
an ⊕ bn = 1, c∧,n ⊕ d∧,n = 1.
So (E, 0, 1,⊕) is an effect algebra.
We now verify that (E, 0, 1,⊕, ◦) is a sequential effect algebra.
(SEA2) and (SEA3) and (SEA5) are trivial.
We verify (SEA1), we omit the trivial cases about 0,1:
an ◦ (am ⊕ ak) = an ◦ am ⊕ an ◦ ak = 0,
bn ◦ (am ⊕ ak) = bn ◦ am ⊕ bn ◦ ak = am+k,
c∧,n ◦ (am ⊕ ak) = c∧,n ◦ am ⊕ c∧,n ◦ ak = 0,
d∧,n ◦ (am ⊕ ak) = d∧,n ◦ am ⊕ d∧,n ◦ ak = am+k.
an ◦ (am ⊕ c∧,k) = an ◦ am ⊕ an ◦ c∧,k = 0,
bn ◦ (am ⊕ c∧,k) = bn ◦ am ⊕ bn ◦ c∧,k = c∧,m+k,
cI,n◦(am⊕c∧,k) = cI,n◦am⊕cI,n◦c∧,k = c∧∩I,1(when ∧∩I 6= ∅) or 0(when ∧∩I =
∅),
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dI,n ◦ (am ⊕ c∧,k) = dI,n ◦ am ⊕ dI,n ◦ c∧,k = c∧\I,m+k(when ∧ \I 6=
∅) or am+k−1(when ∧ \I = ∅).
For m < k,
an ◦ (am ⊕ d∧,k) = an ◦ am ⊕ an ◦ d∧,k = an,
bn ◦ (am ⊕ d∧,k) = bn ◦ am ⊕ bn ◦ d∧,k = d∧,n+k−m,
cI,n ◦ (am ⊕ d∧,k) = cI,n ◦ am ⊕ cI,n ◦ d∧,k = cI\∧,n(when I\∧ 6=
∅) or an−1(when I\∧ = ∅ and n > 1) or 0(when I\∧ = ∅ and n = 1),
dI,n ◦ (am ⊕ d∧,k) = dI,n ◦ am ⊕ dI,n ◦ d∧,k = d∧∪I,n+k−m−1.
For m ≤ k,
an ◦ (am ⊕ bk) = an ◦ am ⊕ an ◦ bk = an,
bn ◦ (am ⊕ bk) = bn ◦ am ⊕ bn ◦ bk = bn+k−m,
c∧,n ◦ (am ⊕ bk) = c∧,n ◦ am ⊕ c∧,n ◦ bk = c∧,n,
d∧,n ◦ (am ⊕ bk) = d∧,n ◦ am ⊕ d∧,n ◦ bk = d∧,n+k−m.
For ∧ ∩ I = ∅,
an ◦ (c∧,m ⊕ cI,k) = an ◦ c∧,m ⊕ an ◦ cI,k = 0,
bn ◦ (c∧,m ⊕ cI,k) = bn ◦ c∧,m ⊕ bn ◦ cI,k = c∧∪I,m+k−1,
cY,n ◦ (c∧,m ⊕ cI,k) = cY,n ◦ c∧,m ⊕ cY,n ◦ cI,k = cY ∩(∧∪I),1(when Y ∩ (∧ ∪ I) 6=
∅) or 0(when Y ∩ (∧ ∪ I) = ∅),
dY,n ◦ (c∧,m ⊕ cI,k) = dY,n ◦ c∧,m ⊕ dY,n ◦ cI,k = c(∧∪I)\Y,m+k−1(when (∧ ∪ I)\Y 6=
∅) or am+k−2(when (∧ ∪ I)\Y = ∅ and m + k > 2) or 0(when (∧ ∪ I)\Y =
∅ and m+ k = 2).
For ∧ ⊂ I and m ≤ k,
an ◦ (c∧,m ⊕ dI,k) = an ◦ c∧,m ⊕ an ◦ dI,k = an,
bn ◦ (c∧,m ⊕ dI,k) = bn ◦ c∧,m ⊕ bn ◦ dI,k = dI\∧,n+k−m+1(when ∧ 6=
I) or bn+k−m(when ∧ = I),
cY,n ◦ (c∧,m ⊕ dI,k) = cY,n ◦ c∧,m ⊕ cY,n ◦ dI,k = cY \(I\∧),n(when Y \(I\∧) 6=
∅) or an−1(when Y \(I\∧) = ∅ and n > 1) or 0(when Y \(I\∧) = ∅ and n = 1),
dY,n ◦ (c∧,m ⊕ dI,k) = dY,n ◦ c∧,m ⊕ dY,n ◦ dI,k = dY ∪(I\∧),n+k−m.
Thus, (SEA1) is proved. We verify (SEA4), we omit the trivial cases about 0,1:
an ◦ (am ◦ ak) = (an ◦ am) ◦ ak = 0,
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an ◦ (am ◦ bk) = bk ◦ (an ◦ am) = am ◦ (an ◦ bk) = 0,
an ◦ (am ◦ c∧,k) = c∧,k ◦ (an ◦ am) = am ◦ (an ◦ c∧,k) = 0,
an ◦ (am ◦ d∧,k) = d∧,k ◦ (an ◦ am) = am ◦ (an ◦ d∧,k) = 0,
an ◦ (bm ◦ bk) = bk ◦ (an ◦ bm) = bm ◦ (an ◦ bk) = an,
an ◦ (bm ◦ c∧,k) = c∧,k ◦ (an ◦ bm) = bm ◦ (an ◦ c∧,k) = 0,
an ◦ (bm ◦ d∧,k) = d∧,k ◦ (an ◦ bm) = bm ◦ (an ◦ d∧,k) = an,
an ◦ (cI,m ◦ c∧,k) = c∧,k ◦ (an ◦ cI,m) = cI,m ◦ (an ◦ c∧,k) = 0,
an ◦ (cI,m ◦ d∧,k) = d∧,k ◦ (an ◦ cI,m) = cI,m ◦ (an ◦ d∧,k) = 0,
an ◦ (dI,m ◦ d∧,k) = d∧,k ◦ (an ◦ dI,m) = dI,m ◦ (an ◦ d∧,k) = an,
bn ◦ (bm ◦ bk) = bk ◦ (bn ◦ bm) = bm+n+k,
bn ◦ (bm ◦ c∧,k) = c∧,k ◦ (bn ◦ bm) = bm ◦ (bn ◦ c∧,k) = c∧,k,
bn ◦ (bm ◦ d∧,k) = d∧,k ◦ (bn ◦ bm) = bm ◦ (bn ◦ d∧,k) = d∧,n+m+k,
bn ◦ (cI,m ◦ c∧,k) = c∧,k ◦ (bn ◦ cI,m) = cI,m ◦ (bn ◦ c∧,k) = cI∩∧,1(when I ∩ ∧ 6=
∅) or 0(when I ∩ ∧ = ∅),
bn ◦ (cI,m ◦ d∧,k) = d∧,k ◦ (bn ◦ cI,m) = cI,m ◦ (bn ◦ d∧,k) = cI\∧,m(when I\∧ 6=
∅) or am−1(when I\∧ = ∅ and m > 1) or 0(when I\∧ = ∅ and m = 1),
bn ◦ (dI,m ◦ d∧,k) = d∧,k ◦ (bn ◦ dI,m) = dI,m ◦ (bn ◦ d∧,k) = dI∪∧,n+m+k−1,
cY,n◦(cI,m◦c∧,k) = c∧,k◦(cY,n◦cI,m) = cY ∩I∩∧,1(when Y ∩I∩∧ 6= ∅) or 0(when Y ∩
I ∩ ∧ = ∅),
cY,n ◦ (cI,m ◦d∧,k) = d∧,k ◦ (cY,n ◦ cI,m) = cI,m ◦ (cY,n ◦d∧,k) = c(Y ∩I)\∧,1(when (Y ∩
I)\∧ 6= ∅) or 0(when (Y ∩ I)\∧ = ∅),
cY,n◦(dI,m◦d∧,k) = d∧,k◦(cY,n◦dI,m) = dI,m◦(cY,n◦d∧,k) = cY \(∧∪I),n(when Y \(∧∪
I) 6= ∅) or an−1(when Y \(∧∪I) = ∅ and n > 1) or 0(when Y \(∧∪I) = ∅ and n = 1),
dY,n ◦ (dI,m ◦ d∧,k) = d∧,k ◦ (dY,n ◦ dI,m) = d∧∪I∪Y,n+m+k−2.
(SEA4) is proved and so (E0, 0, 1,⊕, ◦) is a sequential effect algebra.
Our main result is:
Theorem 1. Not each sequential effect algebra is sharply dominating.
Proof. In fact, in the sequential effect algebra (E0, 0, 1,⊕, ◦), its all sharp ele-
ments is the set Es = {0, 1, c∧,1, d∧,1| ∧ ∈ Λ, where Λ is the set of all finite nonempty
subsets of N+}. Note that when ∧1 ⊂ ∧2 and ∧1 6= ∧2, c∧1,1 ⊕ c∧2\∧1,1 = c∧2,1,
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d∧2,1 ⊕ c∧2\∧1,1 = d∧1,1, so c∧1,1 < c∧2,1, d∧2,1 < d∧1,1. For each finite subset ∧ of
N+, a1 ⊕ d∧,2 = d∧,1, so a1 < d∧,1, and there is no comparison relation between
a1 and c∧,1. So the set of elements in Es larger than a1 is A = {1, d∧,1| ∧ ∈ Λ},
nevertheless, there is no smallest element in A. Thus, (E0, 0, 1,⊕, ◦) is not sharply
dominating and the theorem is proved.
Moreover, we show that the sequential effect algebra (E0, 0, 1,⊕, ◦) in Proposition
1 is not even a σ-effect algebra. At first, we need the following theorem:
Theorem 2. Let (E, 0, 1,⊕, ◦) be a sequential effect algebra, I be an index set,
{aα}α∈I ⊂ Es.
(1) If
∧
α∈I
aα exists, then
∧
α∈I
aα ∈ Es;
(2) if
∨
α∈I
aα exists, then
∨
α∈I
aα ∈ Es.
Proof. Just the same as the proof of [3] corollary 4.3.
Proposition 2. (E0, 0, 1,⊕) is not a σ-effect algebra.
Proof. Let {∧i}i∈N+ be a strictly increasing sequence of finite nonempty subsets
of N+. We note from the proof of Theorem 1 that
{d∧i,1| i ∈ N
+} ⊂ Es and satisfying d∧1,1 > d∧2,1 > · · · > d∧n,1 > · · · .
If (E0, 0, 1,⊕) is a σ-effect algebra, then
∧
i∈N+
d∧i,1 will exist, and it follows from
Theorem 2 that
∧
i∈N+
d∧i,1 ∈ Es.
By the proof of Theorem 1 again, we have a1 < d∧,1, so a1 ≤
∧
i∈N+
d∧i,1. Note
that there is no comparison relation between a1 and c∧,1 (proof of Theorem 1), so
∧
i∈N+
d∧i,1 is not c∧,1. Also, it is obvious that
∧
i∈N+
d∧i,1 is not 0 or 1.
It follows from above and Es = {0, 1, c∧,1, d∧,1| ∧ ∈ Λ, where Λ is the set of all
finite nonempty subsets ofN+} that there exists some ∧0 such that d∧0,1 =
∧
i∈N+
d∧i,1.
But then we will have d∧0,1 ≤ d∧i,1 and ∧0 ⊃ ∧i for all i ∈ N
+, which is impossible
since ∧0 is a finite subset of N
+.
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